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Lattice paths and determinants Chapter 29

Martin Aigner
Gunter M. Ziegler

Proofs from THE BOOK

Why <« LGV Lemma » 7




Paul Erdds liked to talk about
The Book, in which God
| maintains the perfect proofs for
N mathematical theorems,

Erdds also said that you neead
not believe in God but, as a
mathematician, you should

believe in The Book.




Lattice paths and determinants Chapter 29

Why <« LGV Lemma » 7

Martin Aigner
Gunter M. Ziegler

Proofs from THE BOOK

The essence of mathematics is proving theorems — and so, that is what
mathematicians do: They prove theorems. But to tell the truth, what they
really want to prove, once in their lifetime, is a Lemma, like the one by
Fatou in analysis, the Lemma of Gauss in number theory, or the Burnside-
Frobenius Lemma in combinatorics.

Now what makes a mathematical statement a true Lemma? First, it should
be applicable to a wide variety of instances, even seemingly unrelated prob-
lems. Secondly, the statement should, once you have seen it, be completely
obvious. The reaction of the reader might well be one of faint envy: Why
haven’t | noticed this before? And thirdly, on an esthetic level, the Lemma
— including its proof — should be beautiful!

In this chapter we look at one such marvelous piece of mathematical rea-
soning, a counting lemma that first appeared in a paper by Bernt Lindstrom
in 1972. Largely overlooked at the time, the result became an instant classic
in 1985, when Ira Gessel and Gerard Viennot rediscovered it and demon-
strated in a wonderful paper how the lemma could be successfully applied
to a diversity of difficult combinatorial enumeration problems.




Why « LGV Lemma » ?

from Christian Krattenthaler:

« Watermelon configurations with wall interaction: exact and asymptotic results »

J. Physics Conf. Series 42 (2006), 179--212,

4Lindstrom used the term “pairwise node disjoint paths”. The term “non-intersecting,” which is
most often used nowadays in combinatorial literature, was coined by Gessel and Viennot [24].

5By a curious coincidence, Lindstrom’s result (the motivation of which was matroid theory!) was
rediscovered in the 1980s at about the same time in three different communities, not knowing from
each other at that time: in statistical physics by Fisher [17, Sec. 5.3] in order to apply it to the
analysis of vicious walkers as a model of wetting and melting, in combinatorial chemistry by John
and Sachs [30] and Gronau, Just, Schade, Scheffler and Wojciechowski [28] in order to compute
Pauling’s bond order in benzenoid hydrocarbon molecules, and in enumerative combinatorics by
Gessel and Viennot [24, 25] in order to count tableaux and plane partitions. Since only Gessel and
Viennot rediscovered it in its most general form, I propose to call this theorem the “Lindstrom—
Gessel—Viennot theorem.” It must however be mentioned that in fact the same idea appeared even
earlier in work by Karlin and McGregor [32, 33] in a probabilistic framework, as well as that the
so-called “Slater determinant” in quantum mechanics (cf. [48] and [49, Ch. 11]) may qualify as an
“ancestor” of the Lindstro'm—Gessel—Viennot determinant.

OThere exist however also several interesting applications of the general form of the Lindstro m—
Gessel-Viennot theorem in the literature, see [10, 16, 51].



combinatorics

B. Lindstrébm, On the vector representation of induced matroids, Bull. London Maths. Soc.
5 (1973) 85-90.

|. Gessel and X.G.V., Binomial determinants, paths and hook length formula,

Advances in Maths., 58 (1985) 300-321.

|. Gessel and X.G.V., Determinants, paths and plane partitions, preprint (1989)

statistical physics: (wetting, melting)
Fisher, Vicious walkers, Botzmann lecture (1984)

combinatorial chemistry:
John, Sachs (1985)
Gronau, Just, Schade, Scheffler, Wojciechowski (1988)

probabilities, birth and death process,
Karlin , McGregor (1959)

guantum mechanics: Slater determinant
Slater(1929) (1968), De Gennes (1968)
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Lectine Nolss XV. , Monbiadl , (4993)
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Hankel determinant

]COF

Aztec tilin gs

See Partl, Ch5b, 587-113
















&[_év'milnam 4




2 €
£ 22

44

= (2% 22) - (ex¢)

)

3¢



(



de

2 6 22
6 22. %o —
22 40 244

2 - . e 22 A
(, 22. 6 = ¢ .+ 9o
. . 314_ ; qo‘ . * 22 .

+ AF33( + AM330 + M0 —» 41094

2 « . . & . & 92
.+ 90 & - . . 22 -
« q0 - N 22. « -

— 16200 - 44434 — 40648 — —410%2




b e B e

iy

B e e N

« bijective Computation »
of the Hankel determinant

of Schroder numbers giving
the number of tilings of the Aztec Aiagram







-H )

i |
@ ‘—l:j- {\/ \
‘ __( > L \/1, .\‘o ®
/ VA/ Y
R D%ok so b
A t_“V\ tasre nuwb er P eaten
Pt
wun Ber ’:[')
to Cmm - dalrnbution 4
R— (&)
v
. 3 A
! // \‘. > :- //A\/\ // \\/\
/ N od W/ \.
“ e Duc .

nwm\bev‘ % S‘C /:/?e./.'.:

from odd o even Level









(o
A

N.Mn\:e«m’

St

PR

ch

A

T A=2F
A- &
A=-2F
§ o =
Z//b/o
4, 4t




&[_év'milnam 4




ATy <R n)

(A 424 ... AWn) P 4 N\ "Y
\ \CKL
NN \

\\\\
',\\\\\

\\\\\\
\\\\\\\

—& ‘o—t oo o 0§\¥\¥\§—.\"



(A+2+ ... An)

Z (lhelen

KO-,L J {,\"\'.’ ‘.*'_]

n(ngy) o

-~ ?_‘Y‘, " U:/

= Toopy
2 (4a42)







2k = &

n &






|

A. |
=

o

+

Q-

4
(4 ¢
&

N

. deo Savnle-Gbherme , X.V. (A23s)



!_1 " \w\ :
de Lrm imnom

Cala /

\,.-GN_, -4 {‘\/"" ,‘/‘/Y—\.
vyuwmbers

- “ (4+i'+2'@)
— -
A€ C\g.é"\ (l’ A—a)






a nice formula ...

with a festival of bijections

Part ], Ch 5b, ePilogue



p&"h s

S S RN P

c(nfermbnm J
Couk‘vn.u\'iovu
Qv ‘ﬁﬂr;&m

"De‘\‘“‘»‘_” Hassina . XV, NN

/tq - = 7 -‘~‘\:f'\
(193S) B 2022






7 T

- (Ce2420)

4

/
L

Robivwon-I &m‘&i
s

£
l

©
nxwn
’e
il

a
.
M '
.




\oo."".t sV

[_-.;: AR Robhwoh‘f&m‘&i

AT

-
~ -
.- & >
: e e e
— - —



Robivwon-{

| A3
nxwn
Jd
?A“\.f f—_ i ;
leol= a2, 'r_ r__l




2k’

—_ Redis 78)

* & &
Ve &
//f\"\ N
‘0'.. .\'.‘lf\ \ \\
"-',{/\/\ n O NG
'o.:-'.o' / /\\/\\ ’ \
- & ! nel.
D\gbk My
C e
MQY‘M\'A\M




- ceoem b
3
:"\)
2
s
|

\\I-ﬂ ® '@J‘ﬂ-,, &/

» ‘\
‘6'»3':’%0“ Lo\
L ’ AL S, -

Pee -
m‘:\g&\w%/g

w (Cfé-&- Zi‘) Gk lonyg
Qp —‘.Q?v.'.“\m

,.
\ 7

RLArN, 5,
r 2° S N
7’ I‘\\ - Y




pa."".f s

4
o

SIS RN P Y

Sy

Robivron-IShew

ke’

'8'»X¢ o

woX &QM%A & D\Q % ?c.“'\,‘

Ham
delervainanty
I <_ w (i‘a'.' Zﬁ’) ConXrrank lonyg
| 1scgion (49) Bone oo
g //, \:\\ N

(_DQ ) S o' \4‘\.\;'; - ’j .L.l o ,\< .\ /e /f:" f"f.\:\\\‘ i N

(A‘USB ; — oo egevee



H on ke L

de Gym inom

4

Lo
Ca,, o7 ’\./ow

yuwmbers

'ﬁ' (u—i +24)
A(C\g.én (‘; '\—3)

c]-a(, m%or;t\nm

See next Chapter: Ch4b






