
Amrita Vishwa Vidyapeetham 
Coimbatore, ICGTA19 

5th January 2019

Xavier Viennot 
CNRS, LaBRI, Bordeaux 

www.viennot.org 
and IMSc, Chennai 

www.imsc.res.in/~viennot 

Zeta  function  on  graphs  revisited  
with  the  theory  of  heaps  of  pieces 

 



zeta   function   of   a  graph



























Ramanujan  graphs

















Paths in graphs   
and 

linear algebra









 Heaps  of  pieces: 
definition  with  levels





















 Heaps  of  pieces 
and 

commutation monoids





























Cartier- Foata 
commutation Monoids 

(1969)

Heaps of pieces 
(X.V. 1985)





 Heaps  of  pieces 
as a  poset









Second  definition:  
heaps  as  a  poset on  a  graph 











chromatic  polynomial 
and 

acyclic  orientations  of  a graph

Algebraic  graph  theory 
revisited  with  heaps  of  pieces

an example:









3 basic lemma on heaps 





3 basic lemma: 
- Inversion lemma 
- Logarithmic lemma 
- circuit = heap of cycles



First  basic  lemma  on  heaps: 
the  inversion lemma
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the  logarithmic  lemma



























     



Interpretation of 







     

     

     



     

     

     



     

     

From  the  third  lemma:



 Paths  and  heaps  of  cycles

The  third  lemma:



























an  example  with  Dyck  paths







violin:
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tree-like  paths







Linear  algebra   
revisited  with  heaps  of  pieces 



with the 3 basic lemma: 
- Inversion lemma 
- Logarithmic lemma 
- circuit = heap of cycles









Paths  with  no  backtracking









second    bijection























Proof  of  the  second  formula   
for  the  zeta  function   of a  graph









The third    formula  for  zeta









The idea …



Back to number theory













MacMahon   Master  theorem





























The Art of Bijective Combinatorics 
Part II,  commutations and heaps of pieces 

(video-book,   course IMSc Chennai, 2017)

Chapter  5     Heaps  and  algebraic  graph  theory

Chapter  5b, zeta function of a graph

Chapter  4     Heaps and linear algebra

Chapter  6       Heaps  and  Coxeter groups
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